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Abstract—We propose a control framework for a network
of agents, each obeying second-order Newtonian dynamics and
subject to nonholonomic constraints and velocity bounds. The
first control objective is that the agents move in formation as
though they were part of a single rigid body. A desired behavior
is specified for the formation. The second control objective is that
the formation asymptotically tracks this desired behavior. Both
objectives are achieved using a method to embed the constraints
of rigid body motion within a simple linear error feedback. The
framework is demonstrated for the representative special case of
a network of agents in the plane, with unicycle dynamics and
bounded linear and angular velocities. To our knowledge, the
result significantly extends the best results for formation control
in this case. The method is designed specifically for decentralized
implementation, and is extendable to correct formation errors or
to allow formation reconfiguration.

Index Terms—Consensus control, Decentralized control, For-
mation control, Geometric control, Rigid formation keeping.

I. INTRODUCTION

AUTONOMOUS, distributed control of multi-agent sys-
tems have applications in exploration and mapping,

search and rescue, surveillance, cooperative manipulation,
automated highways and network centric warfare. A review
of the recent progress in this active area of research can be
found for instance in [1]. A particular problem of interest
in distributed control of multi-agent systems is the one of
coordinating a group of agents such that the group behaves
in a desired fashion. This problem is generally referred to as
the formation control problem. The problem is particularly
challenging due to the presence of nonlinear dynamics and
constraints. Much progress has been achieved in coordinating
groups of agents that can be modeled as integrators or double
integrators [2], [3], [4], linear systems [5], and kinematic mod-
els [6], [7]. However the consideration of general nonlinear
Newtonian dynamic models are rare with [8], [9], [10], [11]
providing a few exceptions. Almost all of these approaches ex-
cept [11] neglect non-holonomic constraints and only consider
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fully actuated second order Newtonian models. The work of
[11] considers non-holonomic constraints but restrict overall
formation to purely translational motion that prevents the
entire formation from performing rotational maneuvers and
hence significantly limiting the possible overall motion of the
formation.

To the best of our knowledge there exists no decentral-
ized strategy that drives a group of agents, governed by
second order nonlinear Newtonian dynamics subjected to non-
holonomic constraints and saturation type velocity constraints,
to perform general formation maneuvers that allow both trans-
lations and rotations of the entire formation. In the case of
trajectory planning this void was first addressed by the authors
in [12] using the ‘Virtual Structure (VS)’ approach where
the VS will represent the overall behavior of the formation
and provides a robust alternative for the ‘Leader Follower’
approach [13]. In [8], it was shown for the first time, that for
a group of fully actuated agents the VS approach can be used
to reduce the traditional centralized N -agent formation control
problems to that of a decentralized one. This reduction is
achieved by assigning a subsystem to each of the agents where
each subsystem will contain a model of the VS plus a model
of its own dynamics. In this approach the trajectories of the
model of the VS assigned to each agent are synchronized by
communicating the full state of the VS among the agents using
a nearest neighbor ring connection topology. The agents then
utilize their fully actuated forces to maintain their own position
with respect to the VS. The fully actuated requirement used in
[8] turns out to be quite restrictive when the individual agents
must necessarily satisfy non-holonomic constraints such as in
the case of mobile robots, air crafts, and over water or under
water vehicles. The work of [12] extends the decentralized VS
approach of [8] to include non-holonomic agents with second
order nonlinear dynamics and bounds on velocities to solve
the trajectory generation problem.

In the VS approach each of the subsystems contain a copy
of the VS and a model of its corresponding agent dynamics.
By construction, the trajectories generated by each of these
subsystems satisfy a certain set of constraints imposed on the
subsystem that capture the formation requirements and non-
holonomic constraints of the agents. If the dynamics of the VS
in each of the subsystems are identical then the trajectories
of the agent systems are guaranteed to maintain a coherent
formation. However the formation constraints imply that the
agent dynamics are necessarily coupled to the VS dynamics
rendering it impossible to maintain synchronization of the VSs
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unless the motion of the agents are synchronized as well.
Synchronization of the agents as in [11] would limit the overall
motion of the formation to parallel translations and hence pre-
vent rotational maneuvers. To solve this problem a controller
is proposed in [12] that decouples the VS from the agent
dynamics and ensures that the agents satisfy the individual
formation requirements and the non-holonomic constraints at
all times. The decoupling also allows one to design controllers
that generate desired motion of the formation independently
to that of the motion of the agents thus allowing general
rotational and translational maneuvers of the entire formation.
A controller switching scheme that requires the global com-
munication of a binary signal is then utilized to ensure that
velocity bounds are satisfied. The convergence of the switched
scheme was demonstrated using extensive simulations for rigid
body formation keeping, formation reconfiguration, and radar
deception. In this work we replace the switching controller
with a decentralized real time controller that ensures the
exponential convergence of the formation towards a desired
reference, while maintaining formation and satisfying bounds
on the agent velocities, for any initial condition that belongs
to a large set. The size of the initial condition set depends only
on the the velocity bounds and the size of the desired class of
references. A major significance of this result is that it does not
require communication between agents if the agents are able
to globally synchronize the initial conditions of their copies
of the VS and the way points are stored a-priori in all the
agents. To ensure robustness global initialization of the copies
of the VS can be avoided by communicating the state of the
VS among nearest neighbors connected in a suitable topology.
In this context the way point information also can be known
to only either one agent or to a randomly selected subset of
agents. These extensions will be presented in a future work
by the authors. The generality of the approach adopted here
also readily allows the extension of these results to formation
reconfiguration, radar deception, formation forming, and the
inclusion of obstacle avoidance. These extensions will also be
addressed in a future publication.

The work presented in [12] utilizes an additional degree of
freedom for the VS to ensure the decoupling of the VS from
the agents. In this work we show that this can be avoided
by allowing the VS to slip along a direction perpendicular
to the heading direction and yields a significant reduction in
complexity and computation. Furthermore [12] only provides
a scheme for feasible trajectory generation and requires a
separate tracking controller at the stage of implementation.
The approach developed here provides a control scheme that
can be applied in real time and avoids the use of a separate
tracking controller. Furthermore the implementation requires
only the measurement of the velocities of the agents if each
agent knows its initial configuration or each agent is capable
of measuring its configuration periodically at discrete time
points. To the best of our knowledge this is the only work that
considers second order nonlinear Newtonian dynamics, non-
holonomic constraints, bounds on velocities, is decentralized
and requires only velocity measurements and applicable to
rigid formation keeping, re-configuration, and radar deception.

Section II presents the framework for the original con-

tribution of this paper in a general geometric form. This
allows a compact description that can be specialized to a
very large class of problems. Section III illustrates the general
form with an example of substantial importance in its own
right, for which the controller obtained from the general
formulation improves significantly upon the best previously
reported results. To focus on the features of the controller
rather than the formal mathematics, we include a proof only
of this specific case. Section III-A validates the theoretical
results with numerical simulations.

II. PROBLEM FORMULATION

In this section we formally present the problem that we
solve in this paper. The formulation and solution of the
problem draws upon notions of geometric mechanics and
controls. For a rigorous but accessible introduction to the
subject, see [14] or [15].

The first control objective that we seek to solve is that
each agent should move as though it were rigidly or flexibly
attached to a single common frame of reference. We may ex-
press these constraints individually using a frame of reference.
Following [13] we refer to this frame as the virtual structure
or VS. These constraints are generally of two types. One
that results due to physical constraints such as non-holonomic
constraints of the agents and the other that results from the
formation objectives. The latter may be of the form of speci-
fying the position of the agent with respect to the VS and/or
holonomic or non-holonomic constraints on the frame. If all
the agents have the same dynamics for the VS then formation
is guaranteed. Thus we consider a coupled subsystem that
consists of the VS plus the agent where the VS is assumed to
behave like a fully actuated unconstrained mechanical system
that obeys Newton’s equations. Formally, we consider a system
with configuration space Qi = QiV × QiA, kinetic energy
Gi = GiV ⊗GiA and forces Fi = (FiV , FiA), where subscript
iV refers to the copy of the VS and subscript iA refers to
the i-th agent. Also denote by TQi and T ∗Qi the tangent
cotangent bundle of Qi respectively. The generalized forces
acting on the agent, FiA includes all physical constraint forces
and are assumed to be fully actuated along the unconstrained
holonomic degrees of freedom. We let PiV : Qi 7→ QiV be the
projection map from Qi to QiV and let DPiV : TQi 7→ TQiV
be the associated derivative map. Since Qi is a product space
we have (PiV (qi), DPiV (vi)) = (qiV , viV ) ∈ TQiV where
qi = (qiV , qiA) and vi = (viV , viA).

Let m be the total number of velocity constraints defined by
a set of linearly independent 1-forms {α1, α2, · · · , αm}. The
last miF will correspond to the virtual formation constraints
while the first (m − miF ) will correspond to the natural
physical constraints of the system. Let DiN correspond to the
distribution defined by the first (m−miF ) number of natural
physical constraints and let DiF correspond to the distribution
defined by the last miF virtual formation constraints on
the system. Thus the distribution Di that captures physical
constraints and formation constraints of the agent and the VS
is the Gi orthogonal complement of D⊥i = D⊥iN ∪ D⊥iF .

We will formally state the problem that we solve in here.
Let FVd ∈ T ∗QiV be a piecewise once differentiable force that
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describes the overall formation goal and let Πi(qi) ⊂ TqiQi
be a collection of compact sets that capture physical velocity
bounds on the system. The formation control problem is solved
if we can find Fi = (FiV , FiA) such that

PD⊥i (vi) = 0, (1)

(qiV (t), viV (t)) = (qjV (t), vjV (t)), (2)

for all 1 ≤ i, j ≤ N and for all t ≥ 0,

lim
t→∞

FiV → FVd for all 1 ≤ i ≤ N, (3)

vi(t) ∈ Πi(qi(t)) for all 1 ≤ i ≤ N. (4)

Equation (1) expresses the fact that each individual agent
satisfies its physical constraints and virtual constraints with
respect to its copy of the VS while (2) ensures that the
copies of the VSs of all the agents coincide. We refer to (1)
and (2) together as the formation requirement. The coherency
requirement (2) imposes a severe restriction that the forces and
initial conditions of all the models of the VSs residing in each
of the i-th subsystems be necessarily synchronized. Expression
(3) states the fact that the VS approaches a desired team goal
that is characterized by the force FVd applied on the VS. We
will refer to it as the team goal. The last expression (4) implies
that the velocities are bounded.

Decomposing the Newton’s equations ∇vivi =
G#
i (FiV , FiA) along Di,DiN , and DiF we have

PDi(∇vivi) = PDi(G
#
i (FiV , FiA)), PD⊥iN (∇vivi) =

PD⊥iN (G#
i (FiV , FiA)), and PD⊥iF (∇vivi) =

PD⊥iF (G#
i (FiV , FiA)). Define VD⊥iN = PD⊥iN (vi) and

VD⊥iF = PD⊥iF (vi). Then (1) is equivalent to the requirement
that VD⊥iN = 0, VD⊥iF = 0. Differentiating VD⊥iN and VD⊥iF
we have V̇D⊥iN = ∇viPD⊥iN (vi) + P⊥DiN (G#

i (FiV , FiA))

and V̇D⊥iF = ∇viPD⊥iF (vi) + P⊥DiF (G#
i (FiV , FiA)) where

∇viPD⊥iN and ∇viPD⊥iF are the covariant derivatives
of PD⊥iN and PD⊥iF respectively. Thus we see that
P⊥DiN (G#

i (FiV , FiA)) = −∇viPD⊥iN (vi), gives the actual
forces that ensure the natural physical constraint of VD⊥iN = 0.
On the other hand if

P⊥DiF (G#
i (FiV , FiA))=−∇viPD⊥iF (vi)− kD P⊥DiF (vi) (5)

can be solved for FiA for any given FiV , then we see that
V̇D⊥iF = −kD VD⊥iF and hence that the virtual constraint
VD⊥iF = 0 is satisfied in a robust manner. Additionally if
FiV ≡ FV for all 1 ≤ i ≤ N and (qiV (0), viV (0)) =
(qjV (0), vjV (0)) for all 1 ≤ i, j ≤ N then all copies of
the VSs will also be synchronized and hence the formation
requirement (1) and (2) will be satisfied. The identically
chosen FV can be used as an input to drive the entire formation
in a desired way. To ensure continuity of the applied forces
we propose the integral control

ḞiV = ḞVd − kI(FiV − FVd), (6)

with FiV (0) = FjV (0) for all 1 ≤ i, j ≤ N . The requirement
FiV (0) = FjV (0) for all 1 ≤ i, j ≤ N is necessary to
ensure FiV ≡ FV for all 1 ≤ i ≤ N . The common FVd
will be the input that drives the VS and hence the overall

formation in a desired way. The force FVd that drives the VS
may take the form of an open loop reference or be based
on a specific tracking law. We will state this formally in the
following theorem.

Theorem 1. Let FiV be given by (6) where FVd is a piecewise
differentiable input force. If FiA can be chosen such that
(5) is satisfied then Fi = (FiV , FiA) with vi(0) ∈ Di
and (qiV (0), viV (0)) = (qjV (0), vjV (0)) and FiV (0) =
FjV (0) for all 1 ≤ i, j ≤ N guarantees that the formation
requirement (1) and (2) and the team goal (3) are satisfied.

The initial synchronization of the initial conditions of the
copies of the VS and the integrators (6) residing in each of
the ith subsystems may turn out to be a non robust procedure.
This may be avoided by synchronizing the copies of the VS by
connecting the agents in such a way that the graph G denoting
the connection topology is un-directed, balanced, and regular.
Then it can be shown, for instance using results of [16] or [17]
that the algorithm F ciV =

∑
j∈Ni −∇f(qiv, qjv) − kij(viV −

vjV ), where kij > 0 and f : QiV × QiV → R is some
distance function on QiV achieves consensus. In the following
simulations we add this input to the input (6) that generates
the team behavior and observe that the formation requirement
and the team goal are ensured in a decentralized manner.

The existence of a solution to the formation control
problem depends on the ability to find FiA that satisfies
(5) for any arbitrary FiV . Since the constraint force ex-
pression (5) is linear in Fi = (FiV , FiA) the problem
is easily solvable if the constant relative degree condition
dim(PD⊥iF (span{G#

i (0, FiA)})) = dim(D⊥iF ) = miF , is
satisfied. Then one can explicitly solve (5) for FiA for any
arbitrary FiV . On the other hand, the problem becomes
complicated if dim(PD⊥iF (span{G#

i (0, FiA)})) < miF . Then
one can not explicitly solve (5) for FiA for any arbitrary
FiV . This situation will arise under two physical conditions.
One is, if the number of formation constraints, miF , is more
than the number of actuation degrees of freedom. In this
case the problem is not solvable in this manner. Thus it is
necessary that the number of actuation degrees of freedom
of the agents is equal or more than miF . In this case
dim(PD⊥iF (span{G#

i (0, FiA)})) < miF will still result if
some of the agent forces annihilate D⊥iF (ie. the vector versions
of some of the FiA lie along DiF ). In what follows we
show that the problem is still solvable. Then solving (5) will
necessarily constrain some of the degrees of freedom in the
virtual force FiV as well. Thus FiV will also depend on the
state of the i-th agent and the state of the VS. Since FiV
also drives the VS, this will violate the requirement (2) that
is necessary for the agents to maintain a coherent formation.
In the following, we will show that (2) is satisfied by using
feedback control to eliminate the dependence of the state of
the i-th agent on FiV . To do so one first finds the components
of FiA that lie along DiF . Then (5) is solved for the rest of the
components of FiA and some of the FiV components to fill
the deficiency. These FiV components will depend on the state
of the i-th agent and hence violate (2). To decouple these FiV
components from the state of the i-th agent we will use the
velocities of the degrees of freedom corresponding to the FiA
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that lie along DiF as inputs. Then we will use these FiA to
ensure that the corresponding degrees of freedom are exactly
what they should be to decouple FiV from the states of the
i-th agent. We explicitly demonstrate this procedure below for
the case of rigid formation keeping of a network of mobile
robots.

III. RIGID FORMATION KEEPING

In this section we specialize the approach outlined in
the previous section to 2-D rigid formation keeping of
mobile robots. Consider the ith subsystem with configu-
ration co-ordinates (x, y, θ, xi, yi, θi). Here (xi, yi, θi) de-
note the co-ordinates of the ith agent while (x, y, θ) de-
note the co-ordinates of the frame of reference that repre-
sents the VS. The kinetic energy of the system is KE =
1
2

(
mẋ2 +mẏ2 + Iθ̇2 +miẋi

2 +miẏi
2 + Iiθ̇i

2
)

, where the
inertia properties of the frame, (M, I), are design variables
of the problem. Denote by ∂ = [∂x ∂y ∂θ ∂xi ∂yi ∂θi ] the
coordinate frame. Define the body frame e = [e1 e2 e3 e4 e5 e6]
to be such that e = ∂S with

S =


cos θ 0 sin θ 0 0 0
sin θ 0 − cos θ 0 0 0

0 1 0 0 0 0
0 0 0 cos θi 0 sin θi
0 0 0 sin θi 0 − cos θi
0 0 0 0 1 0

 .
In the e-frame we have q̇i = eVe = ve1 + we2 + ze3 +
vie4 + wie5 + zie6. Here v, z, ω are the heading, slip, and
angular velocities of the VS and vi, zi, ωi are the heading, slip,
and angular velocities of the i-th agent. The velocity bounds
on individual agents are of the form vi ∈ [vmin, vmax] and
ωi ∈ [−ωm, ωm] where vmin, vmax, ωm are positive quantities.
Let σ = [σ1 σ2 σ3 σ4 σ5 σ6] be the frame dual to e.
Then the forces acting on the i-th agent also can be written
conveniently as F = fσ1 + τσ2 +fzσ3 +fiσ4 + τiσ5 +fziσ6,
where f, τ, fz are the generalized forces acting on the VS and
fi, τi, fzi are the generalized forces acting on the i-th agent.
The f and fi are the forces in the heading direction, fz and
fzi are the forces in the slip direction and τ and τi are the
torques.

Computing the unconstrained Newton’s equations ∇q̇i q̇i =
G#(F ) in the e-frame we have

ẋ = v cos θ − z sin θ, (7)
ẏ = v sin θ + z cos θ (8)
θ̇ = ω (9)

v̇ = z ω +
1

M
f (10)

ω̇ =
1

I
τ (11)

ż = −v ω +
1

M
fz (12)

ẋi = vi cos θi − zi sin θi, (13)
ẏi = vi sin θi + zi cos θi (14)
θ̇i = ωi (15)

v̇i =
1

Mi
fi (16)

ω̇i =
1

Ii
τi (17)

żi = −vi ωi +
1

Mi
fzi , (18)

Rigid formation keeping is ensured when q̇i(t) ∈ Di for
all t and the (x(t), y(t), θ(t)) are identical in all subsystems.
This is possible only if the dynamics of the VS given by (7)–
(12) are decoupled from the dynamics of the ith subsystem
given by (13)–(18). Thus the objective is to find F such that
q̇i(t) ∈ Di for all t and the dynamics of VS are decoupled
from the ith subsystem. When q̇i(t) ∈ Di, from (1) we find
that

zi = 0, (19)
vi sin(θ − θi) + bi1ω + z = 0, (20)
vi cos(θ − θi) + bi2ω − v = 0. (21)

We have shown that to ensure these constraints the forces
of the agents should satisfy (5). Upon inspection we find that
the left hand side of (5) is only a function of fv, τ, fz and fi
and is not a function of τi. Solving the two equations given
by (5) for fi and fz when (θ − θi) = ϑi 6= π/2, we have

fi = (Mi(If+MIvi sin(ϑi)(ω−ωi)−Mbi2τ)

− kdMMiI(bi2ω−v+vi cos(ϑi)))/(MI cos(ϑi)), (22)

f̂z=(−MIviω − τ M(bi1 cos(θ − θi)− bi2 sin(θ − θi))

−f I sin(θ − θi) + IMviωi) /I cos(θ − θi), (23)

These input forces fail to generate trajectories that satisfy rigid
formation since f̂z is not independent of the configuration and
velocity variables of the ith agent. In order to decouple the
ith agent dynamics from the z dynamics we proceed to follow
the approach of [12] by defining

ωid = (αzI cos(θ − θi) +MIviω + τ M(bi1 cos(θ − θi)

− bi2 sin(θ − θi)) + f I sin(θ − θi))/IMvi,

for some smooth function αz(v, ω, z). This is well defined
since by design vi > 0. Now setting

τi = −k(ωi − ωid) + ω̇id, with ωi(0) = ωid(0) (24)

ensures that ωi(t) ≡ ωid(t) and therefore that fz =
αz(v, ω, z). This guarantees that the ith agent dynamics will
be de-coupled from the z dynamics. Consequently the inputs
(22) and (24) with initial conditions satisfying γ̇i(0) ∈ D
and ωi(0) = ωid(0) generate trajectories that ensure rigid
formation keeping.

From (20), (21) and (24) we find that the agent velocities
are constrained by vi =

√
(v − bi2ω)2 + (z + bi1ω)2, ωi − ω =

(αzI(v − bi2ω) + τ M(bi1v + bi2z)− f I(z + bi1ω)) /MI.
The motion of the overall formation is given by the dy-

namics of the VS explicitly given by (7)–(12). The freedom
of choice in the inputs f , τ , and αz can be used to steer
the entire formation. Furthermore to ensure continuity of ωi,
the inputs f, τ, αz must be continuous. In the following we
present the development of a controller that will ensure both
these requirements while maintaining formation and satisfying
individual saturation type velocity constraints of the agents for
a large set of initial conditions.
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Consider the controls

ḟ = ḟd − k (f − fd), (25)
τ̇ = τ̇d − k (τ − τd), (26)
α̇z = α̇zd − k (αz − αzd), (27)

where

fd ≡ Mv̇ref −Mzω − kv (v − vref) (28)

τd ≡ Iθ̈ref − kω
(
ω − θ̇ref

)
− kθ (θ − θref) , (29)

αzd ≡ Mvω − kzz. (30)

Here θref(t) is some piece-wise thrice differentiable reference
angle and vref(t) is a piece-wise twice differentiable reference
velocity.

Let b̄ = maxi {max{|bi1|, |bi2|}} and V ⊂ R3 be the set
such that for any (ω, v, z) ∈ V , vmin <

√
v2 + z2 < vmax,

vmin <
√

(v − b̄ω)2 + (z + b̄ω)2 < vmax, and −v
b̄
< ω < v

b̄
.

The size of V depends on b̄ that depends on the 2N variables
(b11, b12, · · · , bi1, bi2, · · · , bN1, bN2) that define the forma-
tion. For velocities (ω, v, z) ∈ V the corresponding individual
heading velocities of the agents satisfy the desired constraint
vi ∈ [vmin, vmax] and the heading angles satisfy the constraint
−π/2 < (θ − θi) < π/2 for all i.

Let F ⊂ R3 be the set such that for any (τ, f, αz) ∈ F
|αz|δ̄ + |τ | χ̄+ |f | η̄ < (ωm−vmax/b̄) where δ̄ = max {|δi|},
χ̄ = max {|χi|}, η̄ = max {|ηi|}, ξ̄ = max {|ξi|}. Here
δi = (v − bi2ω)/MI , χi = (bi1v + bi2z)/I , and ηi =
−(z + bi1ω)/M . Then it also follows that if (τ, f, αz) ∈ F
the angular velocities of the agents satisfy ωi ∈ [−ωm, ωm].

Let p = (ω, v, z), p̄ = (0, v̄, 0),
Br(p̄) =

{
p ∈ R3 : ||p− p̄|| < r

}
, rmax =

sup {r ∈ R+ : Br(p̄) ⊂ V} and γ =
1
3 sup {r ∈ R+ : Br(0) ⊂ F}. Denote by Ω the class
of piecewise defined references (θref(t), vref(t), zref(t))
where θref(t) is thrice differentiable, vref(t) is twice
differentiable, zref(t) is once differentiable, and
(θref(t), θ̇ref(t), vref(t), zref(t)) = (θref(t), pref(t)) ∈
S × Bρ(p̄) where Bρ(p̄) ⊂ V for some ρ > 0. Using these
notations we prove the following theorem in the Appendix.

Theorem 2. For any reference (θref(t), vref(t), zref(t)) ∈ Ω
and initial conditions (θ(0), ω(0), v(0), z(0)) ∈ S × Br0(p̄)
where r0 < rmax − 2ρ and (τ(0), f(0), αz(0)) ∈ Bγ(0) there
exists kv, kz, kθ, kω, k such that the controls (22), (24) and
(25)–(27) will ensure that limt→∞(θ(t), ω(t), v(t), z(t)) →
(θref(t), θ̇ref(t), vref(t), zref(t)) exponentially while ensuring
vi ∈ [vmin, vmax] and ωi ∈ [−ωm, ωm] for all i.

The size of the initial conditions set, r0, depends on ρ
the size of the class of references. r0 can be made large by
reducing ρ. For instance for the class of piecewise references
of the form θref(t) ≡ const, vref(t) ≡ 0, zref(t) ≡ 0 we see
that ρ = 0 and the possible initial condition set becomes
largest. We state this formally in the following corollary.

Corollary 1. For any piecewise reference of the form
θref(t) ≡ const, vref(t) ≡ 0, zref(t) ≡ 0 and initial
conditions (θ(0), ω(0), v(0), z(0)) ∈ S × Br0(p̄) where
r0 < rmax and (τ(0), f(0), αz(0)) ∈ Bγ(0) there exists

Fig. 1. Waypoint tracking.

Fig. 2. The heading velocity vi of the agents.

kv, kz, kθ, kω, k such that the controls (22), (24) and (25)
— (27) will ensure that limt→∞(θ(t), ω(t), v(t), z(t)) →
(θref(t), θ̇ref(t), vref(t), zref(t)) exponentially while ensuring
vi ∈ [vmin, vmax] and ωi ∈ [−ωm, ωm] for all i.

Let kθ, kω be such that the roots −λ1,−λ2 of λ2+kωλ+kθ
are negative. Without loss of generality let λ1 ≤ λ2. Then
from the proof it follows that the gains kθ, kω, kv, kz, k need
to be chosen such that r0 + 2ρ + λ1π + γ/k ≤ rmax and
(τd(t), fd(t), αzd(t)) ∈ Bγ(0). For r0 + 2ρ < rmax this can
be achieved by making kθ, kω, kv, kz sufficiently small and k
sufficiently large. We note that the bounds derived here are
very conservative and may be relaxed using simulations.

A. Simulation Results

Consider the case of five agents moving in formation such
that four of the agents are at the vertices of a square of size 8
and one agent is at the center of the square. The bounds on the
velocities are assumed to be vmin = 1, vmax = 21, ωm = 5.
Let v̄ = 5 then we find that rmax ≈ 3 and γ ≈ 30. We let
ρ = 0.5 and r0 = 1. Then from r0 + 2ρ+ λ1π+ γ/k ≤ rmax

we choose kω = 0.4, kθ = 0.04 (λ1 = λ2 = 0.2) and k = 100.
These gains are used for tracking a set of a-priorly known way-
points {(20, 0), (30, 10), (10, 40), (40, 50), (50,−10)}. The
simulation results are shown in figure-1. The corresponding
agent velocities are shown in figure-3.

IV. CONCLUSION

This paper provides a general geometric approach for decen-
tralized formation control that can be applied to a large class of
problems. The approach takes into consideration second order
nonlinear Newtonian dynamics, non-holonomic constraints,
and saturation type velocity constraints of the agents. The
method is explicitly demonstrated for rigid formation keeping
of a group of mobile robots where we have shown that for a
given formation there exists gains of the controller that drives
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Fig. 3. The angular velocity ωi of the agents.

the formation towards a desired reference while maintaining
formation and satisfying the velocity bounds of the individual
agents for a large set of initial conditions. Consequently the
approach does not require communication between agents if
the agents are connected according to an undirected regular
balanced graph topology that synchronizes the states of the
models of the virtual structure contained in all the agents.
To the best of our knowledge it is the first time that all of
these aspects are incorporated into a single framework that
is decentralized and applicable to a wide class of formation
control problems.

APPENDIX

Proof: Theorem 2.
Denote by Ω the class of piecewise defined references

(θref(t), vref(t), zref(t)) where θref(t) is thrice differentiable,
vref(t) is twice differentiable, zref(t) is once differentiable,
and (θref(t), θ̇ref(t), vref(t), zref(t)) = (θref(t), pref(t)) ∈
S × Bρ(p̄) where Bρ(p̄) ⊂ V for some ρ > 0.
Let X(t) = [θ(t) ω(t) v(t) z(t)]T , Xref(t) =
[θref(t) θ̇ref(t) vref(t) zref(t)]

T , Y (t) = [τ(t) f(t) αz(t)]
T ,

Yd(t) = [τd(t) fd(t) αzd(t)]T , p(t) = (ω(t), v(t), z(t)),
and pref(t) = (θ̇ref(t), vref(t), zref(t)). Then from (9)—
(12), (25)—(27), (28)—(30) we have d

dt (X(t) − Xref(t)) =
A(X(t) − Xref(t)) + B(Y (t) − Yd(t)), d

dt (Y (t) − Yd(t)) =
K(Y (t)− Yd(t)), where K = diag(−k,−k,−k),

A =

 0 1 0 0
−kθ −kω 0 0
0 0 −kv 0
0 0 0 −kz

 , B =

 0 0 0
1 0 0
0 1 0
0 0 1

 .
Solving the above block linear system we have

(X(t)−Xref (t)) = e
At

(X(0)−Xref (0))+

(∫ t
0
e
At
Be
Ks

ds

)
(Y (0)−Yd(0)), (31)

(Y (t)−Yd(t)) = e
Kt

(Y (0)−Yd(0)). (32)

Thus we see that limt→∞(θ(t), v(t), ω(t), z(t)) →
(θref(t), vref(t), θ̇ref(t), zref(t)) exponentially. Furthermore
when kθ, kω are chosen such that the roots of λ2 + kωλ +
kθ given by −λ1,−λ2 (λ1 ≤ λ2) are negative, we have
|p(t) − pref(t)| ≤ |p(0) − pref(0)| + κ1(kθ, kω, t)|θ(0) −
θref(0)| + κ2(k, t)|Y (0) − Yd(0)|, where κ1(kθ, kω, t) =∣∣∣∣λ1λ2(e−λ1t−e−λ2t)

λ2−λ1

∣∣∣∣ < λ1

(
λ2

λ1

)(1−λ2λ1
)
< λ1 and κ2(k, t) =∣∣∣∫ t0 eKs ds∣∣∣ < 1

k . The factor κ1 can be made arbitrarily small
by choosing λ1 small and κ2 can be made arbitrarily small by
choosing k large.

Choose kv, kz, kθ, kω such that (τd(t), fd(t), αzd(t)) ∈
Bγ(0) for all (θref(t), vref(t), zref(t)) ∈ Ω and all p ∈

V . Then it follows that for any reference in Ω and ini-
tial conditions (θ(0), ω(0), v(0), z(0)) ∈ S × Br0(p̄) and
(τ(0), f(0), αz(0)) ∈ Bγ(0) the controls (22), (24) and (25)
— (27) will ensure that |p(t) − pref(t)| ≤ |p(0) − pref(0)| +
κ1(kθ, kω, t)|θ(0)− θref(0)|+ κ2(k, t)|Y (0)− Yd(0)| ≤ r0 +
ρ+λ1π+γ/k, Thus we have that p(t) ∈ Br0+2ρ+λ1π+γ/k(p̄).
If r0 and ρ are chosen such that r0 + 2ρ < rmax, then
by ensuring that λ1 sufficiently small and k sufficiently
large one can guarantee that Br0+2ρ+λ1π+γ/k(p̄) ⊂ V .
Therefor it follows that for any reference in Ω and ini-
tial conditions (θ(0), ω(0), v(0), z(0)) ∈ S × Br0(p̄) and
(τ(0), f(0), αz(0)) ∈ Bγ(0) the controls (22), (24) and (25)
— (27) will ensure that limt→∞(θ(t), v(t), ω(t), z(t)) →
(θref(t), vref(t), θ̇ref(t), zref(t)) exponentially while ensuring
that (vref(t), θ̇ref(t), zref(t)) ∈ V and hence that the saturation
type velocity constraints are satisfied.

oftheorem
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